Lecture 4: Wasserstein Space
Lénaic Chizat

March 10, 2021

The material of today’s lecture is adapted from Q. Mérigot’s lecture notes and |3, 4.

1 Reminders

Let X,Y be compact metric spaces, ¢ € C(X x Y) the cost function and (u,v) €
P(X)xP(Y) the marginals. In previous lectures, we have seen that the optimal transport
problem can be formulated as an optimization over the space of transport plans II(u, /)
— the primal or Kantorovich problem — and as an optimization over potential functions
{(¢,¥) €C(X)xC(Y) | p @1 < ¢} — the dual problem. We recall the following results:

e minimizer/maximizers exist for both problems and, for the dual, can be chosen as
(p, ¥°) with ¢ c-concave.

e at optimality, it holds p(x) + 9 (y) = c(z,y) for y-almost every (z,y)

e we have the following special cases:

—for X =Y C R and ¢(z,y) = h(y — z) with h strictly convex, the optimal
transport plan is the (unique) monotone plan, which can be characterized with
the quantile functions of y and v.

— for X =Y and ¢(x,y) = dist(z,y), we have the Kantorovich-Rubinstein for-
mula

Te(p,v) = sup /sod(#— V).
@ 1—-Lip

— for X =Y C R? and ¢(z,y) = |y — z[%, and when p is absolutely continuous,
there exists a unique optimal transport plan. It is of the form v = (id, V@) xp
for some ¢ € C(R?) convex.

2 Wasserstein space

2.1 Definition and elementary properties

Definition 2.1 (Wasserstein space). Let (X, dist) be a compact metric space. For p > 1,
we denote by P,(X) the set of probability measures on X endowed with the p-Wasserstein
distance, defined as

RSA

1/p
Wp(p,v) == ( min /dist(:c,y)pdfy(x,y)) = Taistr (u, v) 7.
Y (1)
This distance is a natural way to build a distance on P(X) from a distance on X. in
particular, the map 6 : X — Pp,(X) mapping a point x € X to the Dirac mass J, is an
isometry.



Proposition 2.2. W), satisfies the azioms of a distance on Py(x).
Proof. The symmetry of the Wasserstein distance is obvious. Moreover, Wy, (x,v) = 0
implies that there exists v € II(p, ) such that [dist’dy = 0. This implies that 7 is
concentrated on the diagonal, so that v = (id,id)gp is induced by the identity map. In
other words, v = idup = p.

To prove the triangle inequality we will use the gluing lemma below (Lemma 2.3) with
N = 3. Let p; € Pp(X) for i € {1,2,3} and let v € II(p1, pu2) and vo € (o, u3) be
optimal in the definition of W),. Then, there exists o € P(X?) such that (m; ;41)40 = v; for
i € {1,2}. A fortiori one has (m1)g0o = p1 and (73) g0 = p3, so that (71 3)uo € II(p1, p3).
In particular,

1/p
Wy (1, p3) < (/ . dist(azy)pd(m,s)#a(x,y)>
X
1/p
= (/ dist(xl,xg)pda(x1,$2,x3)>
X3
1/p
< (/ (dist(z1, x2) +dist(:cg,xg,))pdo(xl,arg,xg))
X3

1/p 1/p
< (/ diSt(l’l,ng)de'(ZL‘l,562,563)) + </ dist(:ng,:vg)pda(xl,xg,xg))
X3 X3

= Wplp, p2) + Wp(pa2, u3),
where we used the Minkowski inequality in LP(o) to get the second inequality, and the

property (m;i+1)40 = ; to get the last equality. O

Lemma 2.3 (Gluing). Let X1,...,Xn be complete and separable metric spaces, and for
any 1 < i < N — 1 consider a transport plan ~; € (i, piv1). Then, there exists v €
P(X1,...,Xn) such that for all i € {1,...,N — 1}, (mi41) %Y = Vi, where m; ;41 : X1 X
- X XNy = X; X Xy ts the projection.

Proof. See Lemma 5.3.2 and Remark 5.3.3 in [2]. O

Exercise 2.4. Prove the triangle inequality assuming the existence of optimal transport
maps between p1, pu and pa, ps3.

Remark 2.5 (Non-compact case). As usual, the compactness assumption is only here for
clarity of presentation. In general, when X is a complete and separable metric space, the
space Pp(X) is defined as the set of probability measures such that for some (and thus
any) zo € X it holds

/dist(acg,y)pdu(y) < 0.

It can be shown that this set endowed with the distance W), is also a complete and separable
metric space. Exercice: show that the Wasserstein distance W), is finite on this set.

2.2 Comparisons

Comparison between Wasserstein distances Note that, due to Jensen’s inequality,
since all v € II(y,v) are probability measures, for p < ¢ we have ([ dist(z, y)Pdy)9/? <

[ dist(x,y)?dy and so
1 1
</ dist(az,y)pd’y> ’ < </ dist(x,y)qd7> ’ ,
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which implies W, (p,v) < Wy(p,v). In particular, Wi (p,v) < Wy(u,v) for every p > 1.
On the other hand, for compact (and thus bounded) X, an opposite inequality also holds,
since

(/dist(w,y)pd’o; < diam(X)p;l</dist(a:,y)d’y>;.

This implies that for all p > 1,

Sl

Wi () < Wy(p,v) < diam(X) "7 Wi (j1,)7.

2.3 Topological properties

Theorem 2.6. Assume that X is compact. For p € [1,4+00[, we have p, — p if and only
if Wy (pin, ) — 0.

Proof. We only need to prove the result for W thanks to the comparison inequalities
between Wi and W), in previous section. Let us start from a sequence p, such that
Wi (ftn, ) = 0. Thanks to the duality formula, for every ¢ € Lip;(X), we have [ p(u, —
1) — 0. By linearity, the same is true for any Lipschitz function. By density, this holds
for any function in C(X). This shows that convergence in Wj implies weak convergence.

To prove the opposite implication, let us first fix a subsequence p,, that satisfies
limy, W1 (pen,, ) = limsup,, Wi (pn, pt). For every k, pick a function ¢, € Lip;(X) such
that [ @n, (tn, — 1) = Wi(tin,, ). Up to adding a constant, which does not affect the
integral, we can assume that the ¢n,, all vanish at the same point, and they are hence
uniformly bounded and equi-continuous. By Ascoli-Arzela theorem, we can extract a
sub-sequence uniformly converging to a certain ¢ € Lip;(X). By replacing the original
subsequence with this new one, we have now

Wi (piny, 1) = /wnkd(unk —p) = /wd(u—u) =0

where the convergence of the integral is justified by the weak convergence p,,, — p together
with the strong convergence in C(X) ¢,, — ¢. This shows that limsup,, Wi (pn, ) <0
and concludes the proof. O

Remark 2.7. In the non-compact case, it can be shown that convergence in P,(X) is
equivalent to tight convergence (in duality with continuous and bounded functions) and
convergence of the p-th order moments i.e. for all zg € X,

[ st () - [ distlan, 1) du(w)

3 Geodesics in Wasserstein space

Definition 3.1. Let (X, dist) be a metric space. A constant speed geodesic between two
points zg,z1 € X is a continuous curve x : [0,1] — X such that for every s,t € [0,1],
dist(xs, z¢) = |s — t| dist(xo, z1).

Proposition 3.2. Let po, 1 € Pp(X) with X C RY compact and convexr. Let v €
II(po, 1) be an optimal transport plan. Define

Mt = (ﬂ't)#')/ where ﬂ—t(xa y) = (1 - t)x + ty

Then, the curve pg is a constant speed geodesic between pg and .



Example 3.3. If there exists an optimal transport map 7' between pg and p1, then the
geodesic defined above is p; = ((1 — t)id + tT) £ p10.

Remark 3.4. In fact, it can be shown that any geodesic between g and p; can be
constructed as in Proposition 3.2.

Proof. First note that if 0 < s <t <1,

Wp(hos 1) < Wy(po, prs) + W (ps, i) + Wi, 1),

so that it suffices to prove the inequality W) (ps, pe) < |t — s| Wy (o, p1) for all 0 < s <
t < 1 to get equality. The inequality is easily checked by building an explicit transport
plan using an optimal transport plan . Take g = (g, m) 2y € (s, f1¢), so that

Wyt 1e)? < / e — gl dyae(a ) = / s, ) — molr )P ()
- / 1@ = 8) + sy — (1 — )z + )| dy(z, )
- / It — 5)( — )P dev(.) = (£ — )P Wy (s, )P m

Corollary 3.5. The space (Pp(X),W,) with X C R compact and convez is a geodesic
space, meaning that any po, p1 € Pp(X) can be joined by (at least one) constant speed
geodesic.

Barycenters in P3(X). The notion of geodesic allows to define the notion of a mid-
point, or more generally barycenters, between two probability distributions. This notion is
very different from the notion of barycenter inherited from the linear structure on the space
of signed measures (compare these two notions when computing the midpoint between 0y,
and &, for x9, 21 € R%). How to generalize the notion of “Wasserstein barycenter” to more
than two probability distributions?

In R¢, the barycenter of x,...,z, with weights Ai,..., A\, > 0 is the unique point
y that minimizes >, Aj||ly — 2;]|3. This motivates to define Wasserstein-2 barycenters
between i1, ..., pu, € Po(X) with weights A1,..., A, > 0 as any measure that solves

min N W2 V) p.
veP2(X) {i:l 2 (Iu )}

Observe that when j; = 6, we recover the usual notion of barycenter on R? — also known
as Fréchet mean if X is a general metric space (this justifies the choice of Wy over other
Wasserstein distances). See [1] for a proof of existence, of uniqueness for X = RY when
one of the u; is absolutely continuous, and alternative characterizations.

4 Differentiability of the Wasserstein distance

In this section, we will compute the differential of the Wasserstein distance under additive
perturbations.

Theorem 4.1. Let o, pg, p1 € P(X). Assume that there exists unique Kantorovich poten-
tials (o, o) between o and py which are c-conjugate to each other and satisfy 1o(xo) =0
for some xg € X. Then,

d

X Te(o, po +t(p1 — po)li—g = /%d(m — po)-
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Proof. Denote py = (1 —t)po + tp1 = po + t(p1 — po). By Kantorovich duality, we have

Tolo,pr) > / odo + / Yodpr.

This immediately gives

{720 00) = Teto o)) = [ wd(or = ).

To show the converse inequality, we let (¢, %) be c-conjugate Kantorovich potentials
between o and p; satisfying ¥ (z¢) = 0, giving

H(Telo )~ Telop)) > [ (o = o).

Moreover, by uniqueness of (g, %), we get that ¢, ¥y converges uniformly to (g, o) as
t — 0, thus concluding the proof. ]

The assumption on the uniqueness of the potentials can be guaranteed a priori in
several settings. Let us give one example of sufficient conditions which corresponds to the
distance W5 (one could prove it for W), with p > 1 similarly).

Proposition 4.2 (Uniqueness of potentials). If X C R? is the closure of a bounded and

connected open set, g € X, (u,v) € P(X) are such that u is absolutely continuous and

spt(p) = X then, there exists a unique pair of Kantorovich potentials (p,1) optimal for
1

c(z,y) = 5 [z — y||2, c-conjugate to each other, and satisfying ¢(xz) = 0.

Proof. Since c is Lipschitz on the bounded set X, ¢, are Lipschitz and therefore dif-
ferentiable almost everywhere. Take (zg,yo) € spt(y) where v € II(u,v) is the optimal
transport plan, such that ¢ is differentiable at xg € X. As we have already shown, for
any optimal pair (p, 1)) we necessarily have

Yo = xo — V(xo),

so that if (¢, 1) is another optimal pair, we should have Vi = V¢’ g-a.e. Since spt(u) =
X and since X is the closure of a connected open set, this implies ¢ = ¢/ +C for a constant
C, and C = 0 since p(z9) = ¢'(z0). O

5 Dynamic formulation of optimal transport

We conclude this lecture with a discussion around a fluid dynamic interpretation of optimal
transport. The material in this section is only treated at an informal level and we refer
to [3] for a rigorous treatment.

When X C R¢, we can interpret the marginals u, v € P(X) as distributions of particles
at times t = 0 and t = 1 respectively. Assume that for each time ¢, there is a velocity field
v : RY — R? which moves particles around. The relation between the velocity field and
the distribution is given by the continuity equation (satisfied in the sense of distributions)

dpr + V- (pror) = 0.

When v; is regular enough (e.g. Lipschitz continuous in z, uniformly in ¢), then we can
define its flow 7' : [0,1] x X — R? which is such that T}(x) gives the position at time ¢ of
a particle which is at z at time 0. It solves Tp(x) = x and

d
ST@) = u(Ti@)



The relation between the evolution of the distribution p; — the Eulerian description — and
the evolution of the flow T} — the Lagrangian description' — is simply p; = (T}) g p.

Let us denote CE(u, ) the set of solutions (p,v) to the continuity equation such that
t — p¢ is weakly continuous and satisfies pg = p and p; = v. Consider also the integrated
(generalized) “kinetic energy” functional

1
Aoy = [ [ o) Paguaar.

By minimizing this functional over all interpolations between p and v, we recover the
optimal transport with cost ||y — z||P. This is called the Benamou-Brenier formulation.

Theorem 5.1 (Dynamic formulation). Let p,v € P(R?) be compactly supported. For
p =1 it holds

W (u,v) = inf { Ay(p,v) | (p,v) € CE(p,v)}.
Let us give some informal arguments to understand this result.

e Let us first argue that for (p,v) € CE(u,v) it holds A,(p,v) = W) (,v). Assume
(p,v) is regular enough and consider the flow Tj(x), that satisfies py = (T})xpo. It
holds

1
Alp,v) = /0 /X lon (T3 (2)) [Pdpo )t

_ /X ( /0 1 H%Tt(x)det)dpo(az)
> /X I3 (2) — To @) Pdpo(z)

by Jensen’s inequality. Since (T1)xpo = p1 = v and py = pu, the last quantity is
larger than W5 (u,v).

e Let us build an admissible (p,v) € CE(u,v) such that A(p,v) = W) (u,v) using the
geodesic between p and v. Assume that there exists an optimal transport map T
between p and v, and set p; = (T})gp with Ty(x) = (1 — t)x + tT(x). Now define
the velocity field

d B . _
vy = (£Tt>oTt L= (T —id) o T} Y,

which, by construction, is such that (p;, v;) satisfies the continuity equation in the
weak sense. We have the desired equality:

Alp,v) = / lor(@)Pdpu(z) = / () — aPdpola) = WP(u, ).

Riemannian interpretation. In the case p = 2, we can understand (at least at the
formal level) the Benamou-Brenier formula as a Riemannian formulation for Wy (this
point of view is due to Felix Otto). In this interpretation, the tangent space at p € Py(X)
are measures of the form §p = —V - (vp) with a velocity field v € L?(p, R?) and the metric
is given by

ooz = it { [ Io@)Bdotz) | 8= -9 - (0n)}.

€L?(p,R?)

"https://en.wikipedia.org/wiki/Lagrangian_and_Eulerian_specification_of_the_flow_field


https://en.wikipedia.org/wiki/Lagrangian_and_Eulerian_specification_of_the_flow_field
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